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UNIT-3: PRINCIPAL IDEALS AND QUOTIENT RINGS 

Principal ideal (Def): An ideal 𝐼 of a ring 𝑅 is said to be principal ideal of 𝑅 if there exists 𝑎 ∈ 𝐼 

such that for any other ideal 𝐽 of 𝑅, 𝑎 ∈ 𝐽 𝑡ℎ𝑒𝑛 𝐼 ⊆ 𝐽. 

If 𝐼 is a principal ideal generated by an element 𝑎 ∈ 𝑅 if (i) 𝑎 ∈ 𝐼 (ii) 𝐼is an ideal of 𝑅 

And (iii) for any ideal 𝐽 𝑜𝑓 𝑅 ∋ 𝑎 ∈ 𝐽 ⟹ 𝐼 ⊆ 𝐽 

∴ 𝐼 𝑖𝑠 𝑡ℎ𝑒 𝑝𝑟𝑖𝑛𝑐𝑖𝑝𝑎𝑙 𝑖𝑑𝑒𝑎𝑙 𝑔𝑒𝑛𝑒𝑟𝑎𝑡𝑒𝑑 𝑏𝑦 𝑎 𝑎𝑛𝑑 𝑖𝑡 𝑖𝑠 𝑑𝑒𝑛𝑜𝑡𝑒𝑑 𝑏𝑦 𝐼 =< 𝑎 > 𝑜𝑟 (𝑎) 

Principal ideal ring (Def): A ring 𝑅 is said to be principal ideal ring if every ideal of 𝑅 is a 

principal ideal. 

Theorem: The ring of integers (ℤ; +,∙) is a principal ideal ring. (OR) Every ideal of (ℤ; +,∙) 

is a principal ideal. 

Proof: Let (ℤ; +,∙) be the ring of integers and 𝐼 be an ideal of ℤ, 𝑎𝑛𝑑 𝐼 = {0}  

Then 𝐼 = (0), 𝑡ℎ𝑒 𝑖𝑑𝑒𝑎𝑙 𝑔𝑒𝑛𝑒𝑟𝑎𝑡𝑒𝑑 𝑏𝑦 𝑧𝑒𝑟𝑜 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 𝑜𝑓 ℤ 𝑖𝑠 𝑎 𝑝𝑟𝑖𝑛𝑐𝑖𝑝𝑎𝑙 𝑖𝑑𝑒𝑎𝑙. 

Let and 𝐼 be an ideal of ℤ, 𝑎𝑛𝑑 𝐼 ≠ {0}    ∴ ∃ 𝑎𝑛 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 𝑎 ∈ 𝐼 𝑎𝑛𝑑 𝑎 ≠ 0   

𝑎 ∈ 𝐼, 𝐼 𝑖𝑠 𝑎𝑛 𝑖𝑑𝑒𝑎𝑙 ⟹ −𝑎 ∈ 𝐼 

Since 𝐼 ⊆ ℤ ⟹ 𝑜𝑛𝑒 𝑜𝑓 𝑎, −𝑎 𝑖𝑠 𝑎 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑖𝑛𝑡𝑒𝑔𝑒𝑟. 

Let 𝐼+𝑏𝑒 𝑡ℎ𝑒 𝑠𝑒𝑡 𝑜𝑓 𝑎𝑙𝑙 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑖𝑛𝑡𝑒𝑔𝑒𝑟𝑠 𝑡ℎ𝑒𝑛 𝐼+ ≠ 𝜙 

By well ordering principal 𝐼+ has a least element say ′𝑏′ 

Now we show that 𝐼 =< 𝑏 >, 𝑡ℎ𝑒 𝑖𝑑𝑒𝑎𝑙 𝑔𝑒𝑛𝑒𝑟𝑎𝑡𝑒𝑑 𝑏𝑦 ′𝑏′ 

Let 𝑥 ∈ 𝐼 

Since 𝑥, 𝑏 ∈ ℤ 𝑎𝑛𝑑 𝑏 ≠ 0   𝑠𝑜 𝑏𝑦 𝑑𝑖𝑣𝑖𝑠𝑖𝑜𝑛 𝑎𝑙𝑔𝑜𝑟𝑖𝑡ℎ𝑒𝑚 𝑓𝑜𝑟 𝑖𝑛𝑡𝑒𝑔𝑒𝑟 ∃ 𝑞, 𝑟 ∈ ℤ 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 

𝑥 = 𝑏𝑞 + 𝑟  𝑤ℎ𝑒𝑟𝑒 0 ≤ 𝑟 < 𝑏 

𝑏 ∈ 𝐼, 𝑞 ∈ ℤ 𝑎𝑛𝑑 𝐼 𝑖𝑠 𝑎𝑛 𝑖𝑑𝑒𝑎𝑙 ⟹ 𝑏𝑞 ∈ 𝐼 

𝑥 ∈ 𝐼, 𝑏𝑞 ∈ 𝐼 ⟹ 𝑥 − 𝑏𝑞 ∈ 𝐼 ⟹ 𝑥 − 𝑏𝑞 = 𝑟 ∈ 𝐼 

But 0 ≤ 𝑟 < 𝑏 𝑎𝑛𝑑 𝑟 ∈ 𝐼, 𝑏 𝑖𝑠 𝑡ℎ𝑒 𝑙𝑒𝑎𝑠𝑡 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑖𝑛𝑡𝑒𝑔𝑒𝑟 𝑜𝑓 𝐼+ 𝑖𝑛 𝐼 ⟹ 𝑟 = 0  

𝑥 = 𝑏𝑞 + 𝑟 ⟹ 𝑥 = 𝑏𝑞   𝑤ℎ𝑒𝑟𝑒 𝑞 ∈ ℤ  

Hence 𝑥 ∈ 𝐼 ⟹ 𝑥 = 𝑏𝑞   𝑤ℎ𝑒𝑟𝑒 𝑞 ∈ ℤ ⟹ 𝐼 = {𝑏𝑞 𝑞⁄ ∈ ℤ} ⟹ 𝐼 =< 𝑏 > 
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∴ 𝐼 𝑖𝑠 𝑡ℎ𝑒 𝑝𝑟𝑖𝑛𝑐𝑖𝑝𝑎𝑙 𝑖𝑑𝑒𝑎𝑙 𝑔𝑒𝑛𝑒𝑟𝑎𝑡𝑒𝑑 𝑏𝑦 𝑏′ ′  ℎ𝑒𝑛𝑐𝑒 ℤ 𝑖𝑠 𝑎 𝑝𝑟𝑖𝑛𝑐𝑖𝑝𝑎𝑙 𝑖𝑑𝑒𝑎𝑙 𝑟𝑖𝑛𝑔. 

𝑻𝒉𝒆𝒐𝒓𝒆𝒎 ∶ 𝑬𝒗𝒆𝒓𝒚 𝒇𝒊𝒆𝒍𝒅 𝒊𝒔 𝒑𝒓𝒊𝒏𝒄𝒊𝒑𝒂𝒍 𝒊𝒅𝒆𝒂𝒍 𝒓𝒊𝒏𝒈 

𝑷𝒓𝒐𝒐𝒇: 𝑊𝑒 𝑘𝑛𝑜𝑤 𝑡ℎ𝑎𝑡 𝑡ℎ𝑒 𝑖𝑑𝑒𝑎𝑙 𝑜𝑓 𝐹 𝑎𝑟𝑒 {0}𝑎𝑛𝑑 𝐹 𝑖𝑡𝑠𝑒𝑙𝑓. 

 𝐼 = (0) 𝑖𝑠 𝑡ℎ𝑒 𝑖𝑑𝑒𝑎𝑙 𝑔𝑒𝑛𝑒𝑟𝑎𝑡𝑒𝑑 𝑏𝑦 0. 

 𝐹 = (1) 𝑖𝑠 𝑡ℎ𝑒 𝑖𝑑𝑒𝑎𝑙 𝑔𝑒𝑛𝑒𝑟𝑎𝑡𝑒𝑑 𝑏𝑦 1. 

∴ 𝐸𝑣𝑒𝑟𝑦 𝑖𝑑𝑒𝑎𝑙 𝑖𝑠 𝑎 𝑝𝑟𝑖𝑛𝑐𝑖𝑝𝑎𝑙 𝑖𝑑𝑒𝑎𝑙. 

∴  𝐸𝑣𝑒𝑟𝑦 𝑓𝑖𝑒𝑙𝑑 𝑖𝑠 𝑝𝑟𝑖𝑛𝑐𝑖𝑝𝑎𝑙 𝑖𝑑𝑒𝑎𝑙 𝑟𝑖𝑛𝑔 

𝑻𝒉𝒆𝒐𝒓𝒆𝒎: 𝑬𝒗𝒆𝒓𝒚 𝒒𝒖𝒐𝒕𝒊𝒆𝒏𝒕 𝒓𝒊𝒏𝒈 𝒐𝒇𝒄𝒐𝒎𝒎𝒖𝒕𝒂𝒕𝒊𝒗𝒆 𝒓𝒊𝒏𝒈 𝒂𝒍𝒔𝒐 𝒂  𝒄𝒐𝒎𝒎𝒖𝒕𝒂𝒕𝒊𝒗𝒆 𝒓𝒊𝒏𝒈 

𝑷𝒓𝒐𝒐𝒇: 𝐺𝑖𝑣𝑒𝑛 𝑡ℎ𝑎𝑡 𝑡ℎ𝑒 𝑠𝑒𝑡 
𝑅

𝐼
= {𝑥 + 𝐼 𝑥⁄ ∈ 𝑅} 

𝑇𝑜 𝑃𝑟𝑜𝑣𝑒 𝑡ℎ𝑎𝑡 𝑡ℎ𝑒 𝑠𝑒𝑡 
𝑅

𝐼
= {𝑥 + 𝐼 𝑥⁄ ∈ 𝑅} 𝑖𝑠 𝑐𝑜𝑚𝑚𝑢𝑡𝑎𝑡𝑖𝑣𝑒 𝑟𝑖𝑛𝑔. 

𝑰. (
𝑹

𝑰
, +)  𝒊𝒔 𝒂 𝒄𝒐𝒎𝒎𝒖𝒕𝒂𝒕𝒊𝒗𝒆 𝒈𝒓𝒐𝒖𝒑: 

(𝒊) 𝑪𝒍𝒐𝒔𝒖𝒓𝒆 𝒑𝒓𝒐𝒑𝒆𝒓𝒕𝒚: 𝐿𝑒𝑡 𝑥 + 𝐼, 𝑦 + 𝐼 ∈
𝑅

𝐼
 𝑤ℎ𝑒𝑟𝑒 𝑥, 𝑦 ∈ 𝑅 

𝑁𝑜𝑤 (𝑥 + 𝐼) + (𝑦 + 𝐼) = (𝑥 + 𝑦) + 𝐼 ∈
𝑅

𝐼
 𝑠𝑖𝑛𝑐𝑒 𝑥 + 𝑦 ∈ 𝑅 

(𝒊𝒊) 𝑨𝒔𝒔𝒐𝒄𝒊𝒂𝒕𝒊𝒗𝒆 𝒑𝒓𝒐𝒑𝒆𝒓𝒕𝒚: 𝐿𝑒𝑡 𝑥 + 𝐼, 𝑦 + 𝐼, 𝑧 + 𝐼 ∈
𝑅

𝐼
 𝑤ℎ𝑒𝑟𝑒 𝑥, 𝑦, 𝑧 ∈ 𝑅 

𝑁𝑜𝑤[(𝑥 + 𝐼) + (𝑦 + 𝐼)] + 𝑧 + 𝐼 = [(𝑥 + 𝑦) + 𝑧] + 𝐼 

= [𝑥 + (𝑦 + 𝑧)] + 𝐼 = (𝑥 + 𝐼) + [(𝑦 + 𝐼) + (𝑧 + 𝐼] 

(𝒊𝒊𝒊) 𝑰𝒅𝒆𝒏𝒕𝒊𝒕𝒚 𝒑𝒓𝒐𝒑𝒆𝒓𝒕𝒚: 𝐿𝑒𝑡 𝑥 + 𝐼 𝑏𝑒 𝑎𝑛𝑦 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 𝑜𝑓 
𝑅

𝐼
 

𝑊𝑒 ℎ𝑎𝑣𝑒 0 + 𝐼 ∈
𝑅

𝐼
 𝑠𝑖𝑛𝑐𝑒 0 ∈ 𝑅 

𝑁𝑜𝑤 (𝑥 + 𝐼) + (0 + 𝐼) = (𝑥 + 0) + 𝐼 = 𝑥 + 𝐼 

𝐴𝑙𝑠𝑜(0 + 𝐼) + (𝑥 + 𝐼) = (0 + 𝑥) + 𝐼 = 𝑥 + 𝐼 
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∴ 0 + 𝐼 = 𝐼 𝑖𝑠 𝑡ℎ𝑒 𝑧𝑒𝑟𝑜 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 𝑜𝑓
𝑅

𝐼
  

(𝒊𝒗) 𝑰𝒏𝒗𝒆𝒓𝒔𝒆 𝑷𝒓𝒐𝒑𝒆𝒓𝒕𝒚: 𝐿𝑒𝑡 𝑥 + 𝐼 ∈
𝑅

𝐼
𝑡ℎ𝑒𝑛 𝑥 ∈ 𝑅 ⟹ −𝑥 ∈ 𝑅 ⟹ −𝑥 + 𝐼 ∈

𝑅

𝐼
 

𝑁𝑜𝑤 (𝑥 + 𝐼) + (−𝑥 + 𝐼) = (𝑥 − 𝑥) + 𝐼 = 0 + 𝐼 

 𝐴𝑙𝑠𝑜(−𝑥 + 𝐼) + (𝑥 + 𝐼) = (−𝑥 + 𝑥) + 𝐼 = 0 + 𝐼 

∴ −𝑥 + 𝐼 𝑖𝑠 𝑡ℎ𝑒 𝑎𝑑𝑑𝑖𝑡𝑖𝑣𝑒 𝑖𝑛𝑣𝑒𝑟𝑠𝑒 𝑜𝑓 𝑥 + 𝐼 

(𝒗) 𝑪𝒐𝒎𝒎𝒖𝒕𝒂𝒕𝒊𝒗𝒆 𝒑𝒓𝒐𝒑𝒆𝒓𝒕𝒚: 𝐿𝑒𝑡 𝑥 + 𝐼, 𝑦 + 𝐼 ∈
𝑅

𝐼
 

𝑁𝑜𝑤(𝑥 + 𝐼) + (𝑦 + 𝐼) = (𝑥 + 𝑦) + 𝐼 

                                     = (𝑦 + 𝑥) + 𝐼   ( ∵  + 𝑖𝑠 𝑎 𝑐𝑜𝑚𝑚𝑢𝑡𝑎𝑡𝑖𝑣𝑒 ) 

                                    = (𝑦 + 𝐼) + (𝑥 + 𝐼) 

∴ (
𝑅

𝐼
, +)  𝑖𝑠 𝑎 𝑐𝑜𝑚𝑚𝑢𝑡𝑎𝑡𝑖𝑣𝑒 𝑔𝑟𝑜𝑢𝑝. 

𝑰𝑰) (
𝑹

𝑰
,⋅  )  𝒊𝒔 𝒂 𝒔𝒆𝒎𝒊 𝒈𝒓𝒐𝒖𝒑. 

(𝒊) 𝑪𝒍𝒐𝒔𝒖𝒓𝒆 𝒑𝒓𝒐𝒑𝒆𝒓𝒕𝒚: 𝐿𝑒𝑡 𝑥 + 𝐼, 𝑦 + 𝐼 ∈
𝑅

𝐼
 𝑤ℎ𝑒𝑟𝑒 𝑥, 𝑦 ∈ 𝑅 

𝑁𝑜𝑤 (𝑥 + 𝐼) ⋅ (𝑦 + 𝐼) = (𝑥 ⋅ 𝑦) + 𝐼 ∈
𝑅

𝐼
 𝑠𝑖𝑛𝑐𝑒 𝑥𝑦 ∈ 𝑅 

(𝒊𝒊) 𝑨𝒔𝒔𝒐𝒄𝒊𝒂𝒕𝒊𝒗𝒆 𝒑𝒓𝒐𝒑𝒆𝒓𝒕𝒚: 𝐿𝑒𝑡 𝑥 + 𝐼, 𝑦 + 𝐼, 𝑧 + 𝐼 ∈
𝑅

𝐼
 𝑤ℎ𝑒𝑟𝑒 𝑥, 𝑦, 𝑧 ∈ 𝑅 

𝑁𝑜𝑤[(𝑥 + 𝐼) ⋅ (𝑦 + 𝐼)] ⋅ (𝑧 + 𝐼) = [(𝑥 ⋅ 𝑦) ⋅ 𝑧] + 𝐼 

= [𝑥 ⋅ (𝑦 ⋅ 𝑧)] + 𝐼 = (𝑥 + 𝐼) ⋅ [(𝑦 + 𝐼) ⋅ (𝑧 + 𝐼] 

 𝑰𝑰𝑰)  ⋅ 𝒊𝒔 𝒅𝒊𝒔𝒕𝒓𝒊𝒃𝒖𝒕𝒊𝒗𝒆 𝒖𝒏𝒅𝒆𝒓 𝒂𝒅𝒅𝒊𝒕𝒊𝒐𝒏: 

(𝑥 + 𝐼) ⋅ [(𝑦 + 𝐼) + (𝑧 + 𝐼)] = (𝑥 + 𝐼) ⋅ [(𝑦 + 𝑧) + 𝐼)] = 𝑥(𝑦 + 𝑧) + 𝐼 

= (𝑥𝑦 + 𝑥𝑧) + 𝐼 = (𝑥𝑦 + 𝐼) + (𝑥𝑧 + 𝐼) = (𝑥 + 𝐼)(𝑦 + 𝐼) + (𝑥 + 𝐼)(𝑧 + 𝐼) 

𝑠𝑖𝑚𝑖𝑙𝑎𝑟𝑙𝑦 𝑤𝑒 𝑐𝑎𝑛 𝑝𝑟𝑜𝑣𝑒 𝑡ℎ𝑎𝑡  

[(𝑦 + 𝐼)(𝑧 + 𝐼)] ⋅ (𝑥 + 𝐼) = (𝑦 + 𝐼)(𝑥 + 𝐼) + (𝑧 + 𝐼)(𝑥 + 𝐼) 
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∴ (
𝑅

𝐼
, +,⋅)  𝑖𝑠 𝑎 𝑟𝑖𝑛𝑔 

𝑰𝑽) 𝑪𝒐𝒎𝒎𝒖𝒕𝒂𝒕𝒊𝒗𝒆 𝒑𝒓𝒐𝒑𝒆𝒓𝒕𝒚: 𝐿𝑒𝑡 𝑥 + 𝐼, 𝑦 + 𝐼 ∈
𝑅

𝐼
 𝑤ℎ𝑒𝑟𝑒 𝑥, 𝑦 ∈ 𝑅 

𝑁𝑜𝑤 (𝑥 + 𝐼) ⋅ (𝑦 + 𝐼) = (𝑥 ⋅ 𝑦) + 𝐼 

                                    = 𝑦𝑥 + 𝐼    𝑠𝑖𝑛𝑐𝑒 ⋅ 𝑖𝑠 𝑎 𝑐𝑜𝑚𝑚𝑢𝑡𝑎𝑡𝑖𝑣𝑒 𝑖𝑛 𝑅 

                                    = (𝑦 + 𝐼)(𝑥 + 𝐼)  

∴ (
𝑅

𝐼
, +,⋅)  𝑖𝑠 𝑎  𝑐𝑜𝑚𝑚𝑢𝑡𝑎𝑡𝑖𝑣𝑒 𝑟𝑖𝑛𝑔 

Quotient ring (Def): Let 𝑅 be a ring and  𝐼 be an ideal of 𝑅. Then the set 
𝑅

𝐼
= {𝑥 + 𝐼 𝑥⁄ ∈ 𝑅} is a 

ring under the co-set addition and multiplication. This ring is called as quotient ring. 

Here 0 + 𝐼 𝑖𝑠 𝑡ℎ𝑒 𝑧𝑒𝑟𝑜 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 𝑜𝑓
𝑅

𝐼
 𝑎𝑛𝑑 1 + 𝐼 𝑖𝑠 𝑡ℎ𝑒 𝑢𝑛𝑖𝑡𝑦 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 𝑜𝑓

𝑅

𝐼
 

𝑻𝒉𝒆𝒐𝒓𝒆𝒎𝟏: 𝑻𝒉𝒆 𝒒𝒖𝒐𝒕𝒊𝒆𝒏𝒕 𝒓𝒊𝒏𝒈 
ℤ

𝒑ℤ
𝒊𝒔 𝒂 𝒇𝒊𝒆𝒍𝒅  𝒘𝒉𝒆𝒓𝒆 𝒑 𝒊𝒔 𝒂𝒏𝒚 𝒑𝒓𝒊𝒎𝒆 𝒏𝒖𝒎𝒃𝒆𝒓 

𝑷𝒓𝒐𝒐𝒇: 𝐿𝑒𝑡 𝑝 𝑏𝑒 𝑎 𝑔𝑖𝑣𝑒𝑛 𝑝𝑟𝑖𝑚𝑒 𝑛𝑢𝑚𝑏𝑒𝑟. 𝑆𝑖𝑛𝑐𝑒 ℤ 𝑖𝑠 𝑎 𝑐𝑜𝑚𝑚𝑢𝑡𝑎𝑡𝑖𝑣𝑒 𝑟𝑖𝑛𝑔 𝑤𝑖𝑡ℎ 𝑢𝑛𝑖𝑡𝑦  

𝑠𝑜
ℤ

𝑝ℤ
𝑖𝑠 𝑎𝑙𝑠𝑜  𝑐𝑜𝑚𝑚𝑢𝑡𝑎𝑡𝑖𝑣𝑒 𝑟𝑖𝑛𝑔 𝑤𝑖𝑡ℎ 𝑢𝑛𝑖𝑡𝑦 . 𝑇𝑜 𝑝𝑟𝑜𝑣𝑒 𝑡ℎ𝑎𝑡 

ℤ

𝑝ℤ
𝑖𝑠 𝑎 𝑓𝑖𝑒𝑙𝑑. 𝐹𝑜𝑟 𝑡ℎ𝑖𝑠 𝑤𝑒 ℎ𝑎𝑣𝑒  

𝑡𝑜 𝑠ℎ𝑜𝑤 𝑡ℎ𝑎𝑡 𝑒𝑣𝑒𝑟𝑦 𝑛𝑜𝑛 − 𝑧𝑒𝑟𝑜 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 𝑖𝑛 
ℤ

𝑝ℤ
 ℎ𝑎𝑠 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑣𝑒 𝑖𝑛𝑣𝑒𝑟𝑠𝑒. 

𝐿𝑒𝑡 𝑎 + 𝑝ℤ ≠ 0 + 𝑝ℤ 𝑏𝑒 𝑎 𝑛𝑜𝑛 − 𝑧𝑒𝑟𝑜 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 𝑜𝑓
ℤ

𝑝ℤ
 

⟹ 𝑎 − 0 ∉ 𝑝ℤ ⟹ 𝑎 ∉ 𝑝ℤ 𝑎𝑛𝑑 ℎ𝑒𝑛𝑐𝑒 𝑝 ∤ 𝑎 

 𝑆𝑖𝑛𝑐𝑒 𝑝 𝑖𝑠𝑎 𝑝𝑟𝑖𝑚𝑒 𝑎𝑛𝑑 𝑝 ∤ 𝑎 𝑠𝑜 (𝑎, 𝑝) = 1 ⟹ ∃ 𝑠, 𝑡 ∈ ℤ 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 𝑎𝑠 + 𝑝𝑡 = 1 

⟹ 1 − 𝑎𝑠 = 𝑝𝑡 ∈ 𝑝ℤ ⟹ 1 − 𝑎𝑠 ∈ 𝑝ℤ ⟹ 1 + 𝑝ℤ = 𝑎𝑠 + 𝑝ℤ 

⟹ 1 + 𝑝ℤ = (𝑎 + 𝑝ℤ)(𝑠 + 𝑝ℤ) 

𝑻𝒉𝒆𝒐𝒓𝒆𝒎𝟐: 𝑳𝒆𝒕 𝑹 𝒃𝒆  𝒓𝒊𝒏𝒈 𝒐𝒇 𝒄𝒉𝒂𝒓𝒂𝒄𝒕𝒆𝒓𝒊𝒔𝒕𝒊𝒄 𝒏 > 𝟎. 𝑭𝒐𝒓 𝒂𝒏𝒚 𝒊𝒅𝒆𝒂𝒍 𝑰 𝒐𝒇 𝑹, 𝒕𝒉𝒆𝒏 𝒕𝒉𝒆  

𝒄𝒉𝒂𝒓𝒂𝒄𝒕𝒆𝒓𝒊𝒔𝒕𝒊𝒄 𝒐𝒇 𝒇𝒂𝒄𝒕𝒐𝒓 𝒓𝒊𝒏𝒈 
𝑹

𝑰
 𝒊𝒔 𝒂 𝒑𝒐𝒔𝒊𝒕𝒊𝒗𝒆 𝒅𝒊𝒗𝒊𝒔𝒐𝒓 𝒐𝒇 𝒏. 
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𝑷𝒓𝒐𝒐𝒇: 𝐿𝑒𝑡 𝐼 𝑏𝑒 𝑎𝑛 𝑖𝑑𝑒𝑎𝑙 𝑜𝑓 𝑅 𝑎𝑛𝑑 𝑐ℎ𝑟. 𝑜𝑓 𝑅 𝑖𝑠 𝑛. 

𝐵𝑦 𝑑𝑒𝑓𝑖𝑛𝑖𝑡𝑖𝑜𝑛 𝑠𝑜 𝑡ℎ𝑒𝑟𝑒 𝑒𝑥𝑖𝑠𝑡 𝑎 𝑙𝑒𝑎𝑠𝑡 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑖𝑛𝑡𝑒𝑔𝑒𝑟 𝑛 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 𝑛𝑎 = 0  ∀𝑎 ∈ 𝑅. 

𝐿𝑒𝑡  𝑎 + 𝐼 ∈
𝑅

𝐼
 

𝑁𝑜𝑤    𝑛(𝑎 + 𝐼) = (𝑎 + 𝑖) + (𝑎 + 𝐼) + ⋯ + (𝑎 + 𝐼) 

                          = (𝑎 + 𝑎 + 𝑎 + ⋯ + 𝑎) + 𝐼 = 𝑛𝑎 + 𝐼 = 0 + 𝐼 

∴ 𝑛(𝑎 + 𝐼) = 0 + 𝐼    ∀ 𝑎 + 𝐼 ∈
𝑅

𝐼
 

∴ 𝑇ℎ𝑒 𝑐ℎ𝑎𝑟𝑎𝑐𝑡𝑒𝑟𝑖𝑠𝑡𝑖𝑐 𝑜𝑓 𝑓𝑎𝑐𝑡𝑜𝑟 𝑟𝑖𝑛𝑔 
𝑅

𝐼
 𝑖𝑠 𝑎 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑑𝑖𝑣𝑖𝑠𝑜𝑟 𝑜𝑓𝑛 

Problems 

𝟏. 𝑫𝒆𝒕𝒆𝒓𝒎𝒊𝒏𝒆 𝒂𝒍𝒍 𝒕𝒉𝒆 𝒊𝒅𝒆𝒂𝒍𝒔 𝒐𝒇 𝒕𝒉𝒆 𝒓𝒊𝒏𝒈 ℤ 𝒐𝒇 𝒊𝒏𝒕𝒆𝒈𝒆𝒓𝒔. 

𝑺𝒐𝒍: 𝐹𝑜𝑟 𝑎𝑛𝑦 𝑛𝑜𝑛 − 𝑛𝑒𝑔𝑎𝑡𝑖𝑣𝑒 𝑖𝑛𝑡𝑒𝑔𝑒𝑟 𝑛, 𝑡ℎ𝑒 𝑠𝑒𝑡 𝑛ℤ = {𝑛𝑎 𝑎⁄ ∈ ℤ} 

𝑊𝑒 𝑠ℎ𝑎𝑙𝑙 𝑝𝑟𝑜𝑣𝑒 𝑡ℎ𝑎𝑡 𝑒𝑣𝑒𝑟𝑦 𝑖𝑑𝑒𝑎𝑙 𝑚𝑢𝑠𝑡 𝑏𝑒 𝑜𝑓 𝑡ℎ𝑒 𝑓𝑜𝑟𝑚 𝑛ℤ   𝑓𝑜𝑟𝑠𝑜𝑚𝑒 𝑛𝑜𝑛 − 𝑛𝑒𝑔𝑎𝑡𝑖𝑣𝑒  

𝑖𝑛𝑡𝑒𝑔𝑒𝑟 𝑛. 𝐿𝑒𝑡 𝐼 𝑏𝑒 𝑎𝑛𝑦 𝑖𝑑𝑒𝑎𝑙 𝑜𝑓 ℤ 

 𝐼𝑓 𝐼 = 0 𝑡ℎ𝑒𝑛 𝐼 = 0ℤ 

𝐼𝑓 𝐼 ≠ 0 ∴ ∃ 𝑎𝑛 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 𝑎 ∈ 𝐼 𝑎𝑛𝑑 𝑎 ≠ 0   

𝑎 ∈ 𝐼, 𝐼 𝑖𝑠 𝑎𝑛 𝑖𝑑𝑒𝑎𝑙 ⟹ −𝑎 ∈ 𝐼 

Since 𝐼 ⊆ ℤ ⟹ 𝑜𝑛𝑒 𝑜𝑓 𝑎, −𝑎 𝑖𝑠 𝑎 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑖𝑛𝑡𝑒𝑔𝑒𝑟. 

𝐿𝑒𝑡 𝑛 𝑏𝑒 𝑎 𝑙𝑒𝑎𝑠𝑡 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑖𝑛𝑡𝑒𝑔𝑒𝑟 𝑖𝑛 𝐼. 𝑊𝑒 𝑠ℎ𝑎𝑙𝑙 𝑝𝑟𝑜𝑣𝑒 𝑡ℎ𝑎𝑡 𝐼 = 𝑛ℤ 

 𝑆𝑖𝑛𝑐𝑒 𝑛 ∈ 𝐼, 𝐼 𝑖𝑠 𝑎𝑛 𝑖𝑑𝑒𝑎𝑙, 𝑤𝑒 𝑔𝑒𝑡 𝑛ℤ ⊆ 𝐼 → (1). 

𝑂𝑛 𝑡ℎ𝑒 𝑜𝑡ℎ𝑒𝑟 ℎ𝑎𝑛𝑑, 𝐿𝑒𝑡 𝑏 𝑏𝑒 𝑎𝑛𝑦 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 𝑖𝑛 𝐼.  

Since 𝑏, 𝑛 ∈ 𝐼 𝑎𝑛𝑑 𝑏 ≠ 0   𝑠𝑜 𝑏𝑦 𝑑𝑖𝑣𝑖𝑠𝑖𝑜𝑛 𝑎𝑙𝑔𝑜𝑟𝑖𝑡ℎ𝑒𝑚 𝑓𝑜𝑟 𝑖𝑛𝑡𝑒𝑔𝑒𝑟 ∃ 𝑞, 𝑟 ∈ ℤ 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 

𝑏 = 𝑛𝑞 + 𝑟  𝑤ℎ𝑒𝑟𝑒 0 ≤ 𝑟 < 𝑛 

𝑛 ∈ 𝐼, 𝑞 ∈ ℤ 𝑎𝑛𝑑 𝐼 𝑖𝑠 𝑎𝑛 𝑖𝑑𝑒𝑎𝑙 ⟹ 𝑛𝑞 ∈ 𝐼 

𝑏 ∈ 𝐼, 𝑛𝑞 ∈ 𝐼 ⟹ 𝑏 − 𝑛𝑞 ∈ 𝐼 ⟹ 𝑏 − 𝑛𝑞 = 𝑟 ∈ 𝐼 
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But 0 ≤ 𝑟 < 𝑛 𝑎𝑛𝑑 𝑟 ∈ 𝐼, 𝑛 𝑖𝑠 𝑡ℎ𝑒 𝑙𝑒𝑎𝑠𝑡 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑖𝑛𝑡𝑒𝑔𝑒𝑟 𝑜𝑓  𝐼 ⟹ 𝑟 = 0  

𝑏 = 𝑛𝑞 + 𝑟 ⟹ 𝑏 = 𝑛𝑞   𝑤ℎ𝑒𝑟𝑒 𝑞 ∈ ℤ  

Hence 𝑏 ∈ 𝐼 ⟹ 𝑏 = 𝑛𝑞 ∈ 𝑛ℤ ⟹ 𝐼 ⊆ 𝑛ℤ ⟶ (2) 

𝐹𝑟𝑜𝑚 (1)& (2); 𝑇ℎ𝑢𝑠 𝐼 = 𝑛ℤ  

𝟐. 𝑫𝒆𝒕𝒆𝒓𝒎𝒊𝒏𝒆 𝒂𝒍𝒍 𝒊𝒅𝒆𝒂𝒍𝒔 𝒐𝒇 𝒕𝒉𝒆 𝒓𝒊𝒏𝒈 ℤ𝒏 𝒐𝒇 𝒊𝒏𝒕𝒆𝒈𝒆𝒓𝒔 𝒎𝒐𝒅𝒖𝒍𝒐 𝒏, 𝒘𝒉𝒆𝒓𝒆 𝒏 𝒊𝒔  𝒂𝒏𝒚 𝒑𝒐𝒔𝒊𝒕𝒊𝒗𝒆 

 𝒊𝒏𝒕𝒆𝒈𝒆𝒓. 

𝑺𝒐𝒍: 𝐿𝑒𝑡 𝑛 𝑏𝑒 𝑎 𝑓𝑖𝑥𝑒𝑑 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑖𝑛𝑡𝑒𝑔𝑒𝑟. 𝑇ℎ𝑒𝑛 ℤ𝑛 = {0,1,2,3 … (𝑛 − 1)} 𝑖𝑠 𝑟𝑖𝑛𝑔 𝑢𝑛𝑑𝑒𝑟 +𝑛,⋅𝑛 

𝐼𝑓 𝑛 = 1 𝑡ℎ𝑒𝑛 ℤ𝑛 = {0} 𝑖𝑛 𝑤ℎ𝑖𝑐ℎ {0} 𝑖𝑠 𝑡ℎ𝑒 𝑜𝑛𝑙𝑦 𝑖𝑑𝑒𝑎𝑙 

𝐼𝑓 𝑛 > 1, 𝐹𝑜𝑟 𝑎𝑛𝑦 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑑𝑖𝑣𝑖𝑠𝑜𝑟 𝑚 𝑜𝑓 𝑛 𝑓𝑜𝑟 𝑤ℎ𝑖𝑐ℎ 𝑚 < 𝑛. 

 𝐿𝑒𝑡 𝑚ℤ𝑛 = {𝑚 ⋅𝑛 𝑥 𝑥⁄ ∈ ℤ𝑛} 𝑇ℎ𝑒𝑛 𝑐𝑙𝑒𝑎𝑟𝑙𝑦 𝑚ℤ𝑛 𝑖𝑠 𝑎𝑛 𝑖𝑑𝑒𝑎𝑙 𝑜𝑓 ℤ𝑛. 

 𝑂𝑛 𝑡ℎ𝑒 𝑜𝑡ℎ𝑒𝑟 ℎ𝑎𝑛𝑑 , 𝑙𝑒𝑡 𝐼 𝑏𝑒 𝑎𝑛𝑦 𝑛𝑜𝑛 − 𝑧𝑒𝑟𝑜 𝑖𝑑𝑒𝑎𝑙 𝑜𝑓 ℤ𝑛. 

𝐿𝑒𝑡 𝑚 𝑏𝑒 𝑎 𝑙𝑒𝑎𝑠𝑡 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑖𝑛𝑡𝑒𝑔𝑒𝑟 𝑖𝑛 𝐼. 𝑊𝑒 𝑠ℎ𝑎𝑙𝑙 𝑝𝑟𝑜𝑣𝑒 𝑡ℎ𝑎𝑡 𝐼 = 𝑚ℤ𝑛 

 𝑆𝑖𝑛𝑐𝑒 𝑚 ∈ 𝐼, 𝐼 𝑖𝑠 𝑎𝑛 𝑖𝑑𝑒𝑎𝑙 𝑜𝑓 ℤ𝑛 𝑤𝑒 𝑔𝑒𝑡 𝑚ℤ𝑛 ⊆ 𝐼 → (1). 

  𝐿𝑒𝑡 𝑎 𝑏𝑒 𝑎𝑛𝑦 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 𝑖𝑛 𝐼𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 𝑎 ≠ 0  

Since 𝑎, 𝑚 ∈ 𝐼 𝑎𝑛𝑑 𝑎 ≠ 0   𝑠𝑜 𝑏𝑦 𝑑𝑖𝑣𝑖𝑠𝑖𝑜𝑛 𝑎𝑙𝑔𝑜𝑟𝑖𝑡ℎ𝑒𝑚 𝑓𝑜𝑟 𝑖𝑛𝑡𝑒𝑔𝑒𝑟 ∃ 𝑞, 𝑟 ∈ ℤ 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 

𝑎 = 𝑚𝑞 + 𝑟  𝑤ℎ𝑒𝑟𝑒 0 ≤ 𝑟 < 𝑚 

𝑚 ∈ 𝐼, 𝑞 ∈ ℤ 𝑎𝑛𝑑 𝐼 𝑖𝑠 𝑎𝑛 𝑖𝑑𝑒𝑎𝑙 ⟹ 𝑚𝑞 ∈ 𝐼 

𝑎 ∈ 𝐼, 𝑚𝑞 ∈ 𝐼 ⟹ 𝑎 − 𝑚𝑞 ∈ 𝐼 ⟹ 𝑎+𝑛(𝑚 ⋅𝑛 (−𝑞)) = 𝑟 ∈ 𝐼 

But 0 ≤ 𝑟 < 𝑚 𝑎𝑛𝑑 𝑟 ∈ 𝐼, 𝑚 𝑖𝑠 𝑡ℎ𝑒 𝑙𝑒𝑎𝑠𝑡 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑖𝑛𝑡𝑒𝑔𝑒𝑟 𝑜𝑓  𝐼 ⟹ 𝑟 = 0  

𝑎 = 𝑚𝑞 + 𝑟 ⟹ 𝑎 = 𝑚𝑞   𝑤ℎ𝑒𝑟𝑒 𝑞 ∈ ℤ  

Hence 𝑎 ∈ 𝐼 ⟹ 𝑎 = 𝑚𝑞 ∈ 𝑚ℤ𝑛  ⟹ 𝐼 ⊆ 𝑚ℤ𝑛 ⟶ (2) 

𝐹𝑟𝑜𝑚 (1)& (2); 𝑇ℎ𝑢𝑠 𝐼 = 𝑚ℤ𝑛 

𝐻𝑒𝑛𝑐𝑒 𝑡ℎ𝑒 𝑖𝑑𝑒𝑎𝑙𝑠 𝑜𝑓 ℤ𝑛 𝑎𝑟𝑒 𝑝𝑟𝑒𝑐𝑖𝑠𝑒𝑙𝑦 𝑜𝑓 𝑡ℎ𝑒 𝑓𝑜𝑟𝑚 {0} 𝑎𝑛𝑑  𝑚ℤ𝑛  

𝑤ℎ𝑒𝑟𝑒 𝑚 𝑖𝑠 𝑝𝑟𝑜𝑝𝑒𝑟 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑑𝑖𝑣𝑖𝑠𝑜𝑟 𝑜𝑓 𝑛 

𝟑. 𝑳𝒊𝒔𝒕 𝒂𝒍𝒍 𝒕𝒉𝒆 𝒊𝒅𝒆𝒂𝒍𝒔 𝒐𝒇 ℤ𝟐𝟒  
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𝑺𝒐𝒍: 𝑇ℎ𝑒 𝑝𝑟𝑜𝑝𝑒𝑟 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑑𝑖𝑣𝑖𝑠𝑜𝑟 𝑜𝑓 24 𝑎𝑟𝑒 1,2,3,4,6,8, 𝑎𝑛𝑑 12. 

∴ 𝑇ℎ𝑒 𝑖𝑑𝑒𝑎𝑙𝑠 𝑜𝑓 ℤ24 𝑎𝑟𝑒 𝐼0 = {0}, 𝐼1 = 1 ⋅ ℤ24 = ℤ24  

𝐼2 = 2 ⋅ ℤ24 = {0,2,4,6,8,10,12,14,16,18,20,22} 

𝐼3 = 3 ⋅ ℤ24 = {0,3,6,9,12,15,18,21} 

𝐼4 = 4 ⋅ ℤ24 = {0,4,8,12,16,20} 

𝐼5 = 6 ⋅ ℤ24 = {0,6,12,18} 

𝐼6 = 8 ⋅ ℤ24 = {0,8,16} 

𝐼7 = 12 ⋅ ℤ24 = {0,12} 

 

 

 

                                       

 

 

 

 

 

 

 

 

 

 

 

 

 


