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UNIT-3: PRINCIPAL IDEALS AND QUOTIENT RINGS

Principal ideal (Def): Anideal I of aring R is said to be principal ideal of R if there exists a € I
such that for any other ideal ] of R,a € J then I < J.

If I is a principal ideal generated by an element a € R if (i) a € I (ii) Iis an ideal of R
And (iii) forany ideal Jof R2a€] =1<]
~ 1 is the principal ideal generated by a and it is denoted by I =< a > or (a)

Principal ideal ring (Def): A ring R is said to be principal ideal ring if every ideal of R is a
principal ideal.

Theorem: The ring of integers (Z; +,") is a principal ideal ring. (OR) Every ideal of (Z; +,")
is a principal ideal.

Proof: Let (Z; +,-) be the ring of integers and I be an ideal of Z, and I = {0}
Then I = (0), the ideal generated by zero element of Z is a principal ideal.
Letand I be an ideal of Z,and I # {0} -~ 3 anelementa €l anda # 0

a€l, lisanideal = —a €1

Since I € Z = one of a,—a is a positive integer.

Let I*be the set of all positive integers then It # ¢

By well ordering principal I* has a least element say 'b’

Now we show that I =< b >, the ideal generated by 'b’

Letx €1

Sincex,b € Zand b # 0 so by division algorithem for integer 3 q,r € Z such that
x=bq+1r where0<r<b

bel,qeZandlisanideal = bq €1

x€l,bgel =x—bqgeEl=>x—-bg=1€l

But0 <r < bandr € 1,b is the least positive integer of [T inl = r =0
x=bq+r = x=bq whereq€Z

Hencex € = x = bq whereq€Z = 1={bq/q€L}=1=<Db>




~ 1 is the principal ideal generated by 'b’ hence Z is a principal ideal ring.
Theorem : Every field is principal ideal ring

Proof:We know that the ideal of F are {O}and F itself.

I = (0) is the ideal generated by 0.

F = (1) is the ideal generated by 1.

~ Every ideal is a principal ideal.

~ Every field is principal ideal ring

Theorem: Every quotient ring of commutative ring also a commutative ring

R
Proof: Given that the set 7= {x+1/x € R}
R
To Prove that the set 7= {x +1/x € R} is commutative ring.
R , ,
I (7, +> is a commutative group:
. R
(i) Closure property:Letx+ 1,y +1 € 7 where x,y € R
R
Now (x+ 1)+ (y+1) = (x+y)+1€75incex+y€R

R
(ii) Associative property:Letx + 1,y +1,z+1 € 7 where x,y,Z € R

Now[(x+ D+ (y+D]+z+I=[(x+y)+z]+1

=x+@@+)]+I=C+D+[(y+D+(z+1I]

R
(iii) Identity property: Let x + I be any element of 7

R
WehaveO+I€75inceOER

Now(x+D+O+DH)=x+0)+I=x+1

Also O+ D+ x+D=0+x)+1=x+1
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R
~ 0+ 1 =11isthe zero element OfT

R R
(iv) Inverse Property:Let x + 1 € Tthen XER=-—-x€ER=—x+1]E€ 7

Now(x+D+(—x+D=(x—-x)+1=0+1
Also(—x+ D+ x+D=(-x+x)+1=0+1

~ —x + [ is the additive inverse of x + 1

R
(v) Commutative property:Let x+ 1,y +1 € 7
Now(x+ D+ @+ =x+y)+1I
=W+x)+1 (~ +isacommutative)

=@y+D+&x+1)

R
(7, +) is a commutative group.

R
II) (7 ) is a semi group.
R
(i) Closure property:Letx+ 1,y +1 € n where x,y € R
R
Now (x+1)-(y+1) = (x—y)+IETSincexy€R

R
(ii) Associative property:Letx + 1,y +1,z+1 € 7 where x,y,Z € R

Now[(x+1D)-(y+D]-(z+D=[(x-y) z]+1
=lx-O-D+I=&+D - [+D-(z+1]

III) - is distributive under addition:

G+D [G+D+E+DI=@+D-[y+2)+ D] =x(y+2) +1
=xy+x2)+I=y+D+@xz+D=+DY+D+&+DE+1D
similarly we can prove that

[+ DEz+D]- x+D=@+Dx+D+Z+Dxx+1)
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R . .
(7 +,-) isaring

R
IV) Commutative property:Let x+ 1,y +1 € 7 where x,y € R

Now (x+D)-(y+D=x-y)+1
=yx +1 since -is a commutative in R

=W+DHx+1)
R . o
(7, +,-) is a commutative ring
Quotient ring (Def): Let R be aring and [ be an ideal of R. Then the set? ={x+1I/x €R}isa
ring under the co-set addition and multiplication. This ring is called as quotient ring.

Here 0 + I is the zero element 0f§ and 1 + I is the unity element 0f§

Z
Theoreml:The quotient ring ﬁ is a field where p is any prime number
Proof:Let p be a given prime number. Since Z is a commutative ring with unity

Z
so p_Z is also commutative ring with unity .To prove that p_Z is a field. For this we have
L P
to show that every non — zero element in p_Z has multiplicative inverse.

Z
Let a + pZ # 0 + pZ be a non — zero element Ofp_Z

= a—0€pZ = a&pZand hencep t a

Since p isaprimeand p t aso (a,p) =1 = 3s,t € Zsuchthatas +pt=1
= l1l—as=ptepZ=1—as€EpZ=1+pZ=as+ pZ

= 14+ pZ = (a + pZ)(s + pZ)

Theorem?2:Let R be ring of characteristicn > 0.For any ideal I of R,then the

R
characteristic of factor ring T is a positive divisor of n.




Proof:Let I be anideal of R and chr.of R is n.

By definition so there exist a least positive integer n such that na = 0 Va € R.

R
Let a+1€7

Now n(a+D)=(@+i)+@+D+-+(a+]1)

=(a+at+ta+--+a)+lI=na+I=0+1

R
~n(a+1)=0+1 Va+1€7

R
= The characteristic of factor ring 7 is a positive divisor ofn

Problems
1.Determine all the ideals of the ring Z of integers.

Sol: For any non — negative integer n, the set nZ = {na/a € 7}

We shall prove that every ideal must be of the form nZ forsome non —negative

integer n.Let I be any ideal of Z

If | =0thenl = 0Z

If ] 0.~ 3anelementa€landa +# 0

a€l, lisanideal = —a €1

Since I € Z = one of a,—a is a positive integer.

Let n be a least positive integer in I.We shall prove that | = nZ
Sincen € I,1 is an ideal,we get nZ < I — (1).

On the other hand, Let b be any element in I.

Since b,n € Il and b # 0 so by division algorithem for integer 3 q,r € Z such that

b=nq+r where0<r<n
n€l,q€Zandlisanideal = nq €l

bellngel >b—nq€l=b—ng=rel
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But0 <r <nandr € I,nis the least positive integer of | =>r =0
b=ng+r = b=nq whereq€Z
Henceb€l = b=nq enZ = 1 < nZ — (2)
From (1)& (2); Thus I = nZ
2.Determine all ideals of the ring Z, of integers modulo n,where nis any positive
integer.
Sol: Let n be a fixed positive integer.Then Z, = {0,1,2,3 ...(n — 1)} is ring under +,, 5,
If n =1thenZ, = {0} in which {0} is the only ideal
If n > 1,For any positive divisor m of n for whichm < n.
Let mZ, = {m -, x/x € Z,} Then clearly mZ, is an ideal of Z,.
On the other hand , let I be any non — zero ideal of Z,.
Let m be a least positive integer in I.We shall prove that I = mZ,
Sincem € 1,1 is an ideal of Z, we get mZ, S 1 = (1).
Let a be any element in Isuch that a # 0
Sincea,m € I and a # 0 so by division algorithem for integer 3 q,r € Z such that
a=mq+71 where0 <r<m
mel,q€e€Zandlisanideal = mq €l
aelmgel =a-mqel=a+,(m-,(—q))=rel
But0 <r <mandr € I,mis the least positive integer of | = r =0
a=mq+r = a=mq whereq €Z
Hencea € I = a =mq € mZ, = 1 € mZ, — (2)
From (1)& (2); Thus I = mZ,
Hence the ideals of 7, are precisely of the form {0} and mZ,
where m is proper positive divisor of n

3.List all the ideals of 7,4




Sol: The proper positive divisor of 24 are 1,2,3,4,6,8, and 12.

~ The ideals of Zyy are ly = {0}, 1, = 1 Zyy = Zyy
I, =2-Z,, ={024,6,8710,12,14,16,18,20,22}

I, =3-7Z,, =1{0,3,69,12,15,18,21}

I, =47, =1{0,48,12,16,20)

Is = 6 -7y, ={0,6,12,18}

I, =8-Z,, = {0,816}

I, =12 - Z,, = {0,12}
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